This paper presents a fringe capacitance formula of microstructures. The formula is derived by curve fitting on ANSYS simulation results. Compared with the ANSYS and experimental results, the deviation is within ± 2%. The application to determine the pull-in voltage of an electrostatic micro-beam is demonstrated, which agrees very well with the experimental data. The formula presented is very accurate, yields explicit physical meanings and is applicable to common dimension ranges for MEMS devices.
Introduction
Determining capacitance is a vital aspect of designing capacitive devices for microelectromechanical systems (MEMS), such as the MIM capacitor [1] , interconnects [2] and MOS capacitor [3] . The fringe capacitances shown in figure 1 , attributed to the finite thickness and width of microstructures, complicate the accurate determination of capacitance. In 1976, Chang [4] derived a fringe capacitance equation by two conformal mapping processes, which is too complicated in practice, though, with a 1% deviation compared with the finite element method. In 1982, Yuan and Trick [5] derived an approximate analytical solution for a twodimensional interconnect in VLSI circuits by approximating the rectangular corners of interconnects to be rounded. Yuan and Trick's formula had a 10% deviation compared with the finite element method. In 1983, Sakurai and Tamaru [6] proposed a fringe capacitance formula obtained by numerical simulation. Sakurai and Tamaru's formula had a 6% deviation compared with the finite element method within the dimension ranges 0.3 < b/g < 30 and 0.3 < h/g < 30, where b, h and g are the line width, line thickness and the gap between the line and ground , respectively. In 1984, Meijs and Fokkema [7] proposed an empirical formula, equation (1) , by curve 4 Author to whom any correspondence should be addressed. fitting on Chang's equation [4] . Meijs and Fokkema's formula had a 6% deviation compared with Chang's model within the dimension ranges 0.3 < b/g, and h/g < 10. In 1988, Barke [8] presented a comparison between various approximations of the line-to-ground capacitance problem in a VLSI environment. In 2006, Batra [9] derived an empirical formula, equation (2) , for narrow micro-beam by curve fitting on numerical simulation of the method of moment (MoM). Batra's formula had a 2% deviation compared with the MoM simulation within the dimension ranges 0.2 < b/g < 25 and 0.4 < h/g < 5. Each of the above formulae has its precision within a particular applicable dimension range, namely the ranges of b/g and h/g, as summarized in table 1. This paper proposes a simple formula of fringe capacitance for micro-beam structures, with higher accuracy and a wider applicable dimension range than these formulae. In equations (1) and (2), c is the capacitance per unit length, b is the beam width, h is the beam thickness, g is the gap between the microstructure and ground and ε is the permittivity of free space:
(a) (b) Figure 1 . The cross-sectional view of (a) the physical model and (b) the field lines resulted by a bias V, where b, g, h and ε are the width, gap, thickness and permittivity of dielectric, respectively, and GND is the ground. Sources Formula Dimension range Error Figure 1 shows the cross-sectional view of a micro-beam structure. The total electrical fields are composed of the uniform fields between the ground (GND) and the bottom surface of the beam, the fringe fields of the sidewalls of the beam and the fringe fields of the top surface of the beam. Therefore, the total capacitance should be the sum of the parallel-plate capacitance and the fringe capacitance attributed to the sidewalls and the top surface, i.e. c = c parallel-plate + c fringe . Here, the authors derive an empirical formula for the capacitance per unit length of the microbeam. The empirical formula is obtained using Mathematica technical computing software. The previously mentioned formulae, equations (1) and (2), are all dependent on the two dimensionless parameters b/g and h/g. However, we think that the fringe capacitance depends not only on b/g and h/g separately but also on their relationship. The conventional mathematical forms simply separated the effects of b/g and h/g. Unlike them, we introduce the new term b/h which is equal to (b/g)/(h/g). Therefore, the functional form used to fit the ANSYS simulation results is where α, β, γ , ζ and κ are constants. The terms on the righthand side of equation (3) account for the parallel-plate capacitance, the compensation term, the fringe capacitance due to the side surface and the fringe capacitance due to the upper surface, respectively. The setting about the ANSYS simulation cases in this paper is shown in figure 2 about the mesh size distribution and area electrostatic field (160 2 μm 2 ). There are nine areas with corresponding mesh sizes. Table 2 describes the mesh size of each area with different mesh density. It is obvious that the mesh size is quarter as mesh density, which is equal to four times the original one. Table 3 presents capacitance comparison with different mesh densities and electrostatic fields. According to the results in table 3, even increasing the mesh density or area of the electrostatic field, the capacitance value well converges to a value with error within 1%.
Formula derivation
By curve fitting on numerous ANSYS simulations within the dimension ranges 0.1 < b/g and 0.1 < h/g < 10, the numerical values of the optimized constants are α = −1.06, β = 3.31, γ = 0.23, ζ = 0.73 and κ = 0.23. Therefore, the fringe capacitance per unit length of the micro-beam that we propose is
In the chosen range of b/g and h/g, the maximum deviation in capacitance between the empirical formula (4) and the ANSYS simulation is within ± 2% as shown in figure 3 . According to equation (4), the calculated capacitance is shown in table 4. As both b/g and h remain constant and the width b increases, the c fringe-sidewalls will decrease, while the c fringe-b/h will increase. Table 4 . Capacitances within the dimension ranges 0.1 < b < 10, b/g = 1 and h = 1. Deviation (%) The physics behind it is that the contribution of the sidewall effect to fringe capacitance is reducing while the top-surface effect is rising under the forgoing condition. However, the total capacitance (c) is with a downward tendency since the sidewall effect dominates the fringe capacitance. This is why the present formula is more precise than equations (1) and (2), especially for the cases of narrower or thicker beams. It should be mentioned here that more fit parameters do not always improve the fit accuracy. The fit accuracy and the convergence depend on whether you choose the appropriate fit parameters or not. 
Experiment verification of the present formulae
The accuracies of empirical formulas by curve fitting depend strongly on the database to which the formula fit. Meijs and Fokkema's formula fit to Chang's analytical model. Batra's formula fit to the numerical simulation of the MoM. Our formula fit to the numerical simulation of ANSYS. We think that it is not objective if we compare the accuracies of these three formulas based on the same database, namely the ANSYS simulation. Therefore, we honestly show their errors estimations in table 1 based on respective database. Now, we make a more objective comparison of the three equations, namely equations (1), (2) and (4), to experimental results. To control the size of the test structure precisely, the authors adopt a low-resistance silicon-on-insulator (SOI) wafer to make the test-beam structure. Figure 4 shows the schematic of the test beam. The specifications of the SOI wafer are detailed in table 5. The device layer forms the beam structure, which is patterned by induction coupling plasma etching and released by BOE etchant. The SEM picture ( figure 5 ) shows that the test All of the errors are compared to the experiment; g = 10 μm, h = 80 μm, L = 2000 μm, 3000 μm. 
Application to pull-in voltage estimation
The determination of pull-in voltage is critical in the design of electrostatic-based micro-sensors/actuators. In the following, we demonstrate the application of the present capacitance formula to pull-in voltage determination. The beam deflects under a driving voltage V and thus behaves like a variable capacitor. For flexible beams, equations (1), (2) and (4) should be modified respectively as equations (5), (6) and (7), in which 
The methodology of pull-in voltage evaluation (figure 6) refers to the authors' published work [10] . When the beam is subjected to a driving voltage V, based on the Euler-Bernoulli beam model, the bending strain energy per unit length is EI(d 2 w/dx 2 ) 2 /2, and the electrical potential energy per unit length is εcV 2 /2, where E and I are Young's modulus and moment of inertia of the cross-sectional area (I = bh 3 /12). The total potential energy of the beam is 
The anchors of test structures are considered clamped boundary conditions. One can make an educated guess of the deflection function w(x) = ηφ(x), where η is the coefficient to be determined and φ(x) is the first natural mode of the beam clamped at both ends, i.e.
where λ satisfies cos λL cosh λL = 1. The total energy U can be expressed as a function of η by substituting the guessed deflection function into the energy expression. At the transition from a stable to an unstable equilibrium, the first-and secondorder derivatives of U with respect to η are both equal to zero, i.e. dU/dη = 0 and d 2 U/dη 2 = 0. By solving the two critical aforementioned equilibrium equations, one can obtain the pull-in voltage V PI and the coefficient η PI , which gives the deflection of the beam at pull-in. The pull-in voltage equation is given as
where σ 0 is the residual normal stress. The coefficient η PI at pull-in is given as
where the constants c 0 , c 1 , . . . , c 3 are dependent on the capacitance formulae, namely equations (1), (2) and (4). Table 7 summarizes the constants c 0 , c 1 , . . . , c 3 based on different capacitance formulae. The derivation process of the above equations is detailed in the authors' published work [10] . By having equations (10) and (11) accompany capacitance formulas, such as equations (5) to (7), one can evaluate the pull-in voltages of micro-beams . To compare the accuracies of the three capacitance formulas (equations (5) to (7)) on the evaluations of the pull-in voltages of micro-beams, the authors adopt them to evaluate the pull-in voltages of micro-beams made of some common materials, namely mono-crystalline silicon, poly-crystalline silicon and aluminum. All the pullin voltage evaluations are compared with the experimental data of the published works. Tables 8 and 9 list the pullin voltages of the mono-crystalline silicon beams whose cross sections are along the (1 1 0) and (1 0 0) crystalline planes, respectively. The deviations are compared with Senturia's experimental data [11] . The deviation of this work, equation (7), is within 1%, which is almost a quarter of the other two formulas, i.e. equations (5) and (6) . Table 10 Table 9 . Pull-in voltages comparison for the (1 0 0) single-crystalline silicon beam.
Experiment
Equation (4) shows the pull-in voltages of the micro-poly-silicon beam. The deviations are compared with Gupta's experimental data [12] . The deviation of this work, equation (7), is about half of that of the other two formulas, equations (5) and (6) . Tables 11 and 12 show the pull-in voltages of micro-aluminum beams; one is with compression stress (negative value) and the other with extension stress (positive value). The aluminum beams are patterned by etching sputtering aluminum film. The deviations are compared with Hu's experimental data [13] . The deviation of this work, equation (7), is about a quarter of the other two formulas, equations (5) and (6) . According to the aforementioned results and comparisons, the present capacitance formula is significantly superior to the other published works. Although the error in the experimental data may be much larger than 5% due to uncertainties in material parameters, geometry, deformations and internal stresses. We still try our best to prove that equation (4) performs better than equations (1) and (2) by using samples which are made up of different kinds of materials, such as single-crystalline silicon, poly-silicon and sputter aluminum. Since all the test samples show the same conclusion that equation (4) shows better performance than equations (1) and (2) as tabulated in tables 8-12, the authors are convinced that equation (4) performs better than equations (1) and (2).
Conclusions
The present fringe capacitance formula is very accurate (error <2%), whether compared with ANSYS simulation, or with experiments, within the geometrical dimension range b/g > 0.1 and 0.1 < h/g < 10. It is also applicable to deformable microstructures for evaluating the pull-in voltage of electrostatic-based microstructures. Compared with the experimental data, the pull-in voltage evaluation is very accurate (the deviation is about 2%). The most significant benefits of the present formula are its simple form, wide applicable dimension range, explicit physical meanings and high accuracy.
